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Pair correlations in strongly coupled dusty plasmas

Xiaogang Wang and A. Bhattacharjee
Department of Physics and Astronomy, The University of lowa, lowa City, lowa 52240
(Received 19 December 1997; revised manuscript received 22 Jung 1998

Pair correlation functions and static structure factors for dust particles are calculated in a strongly coupled
plasma using the Kirkwood approximati@h Chem. Phys3, 300(1935; 14, 180(1946)]. The kinetic integral
equation is solved in long- as well as short-wavelength regimes. In the long-wavelength regime, the pair
correlation function exhibits Debye-ldkel behavior and decays exponentially with distance. This type of
behavior occurs not only when the dust particles are weakly coupled but also when they are unannealed and in
a moderate strongly coupled regineharacterized by dust coupling constants of order unity the short-
wavelength regime, when the characteristic spatial scale is of the order of the interdust distance, the static
structure factor for strongly coupled dust partidlesaracterized by coupling constants much larger than unity
exhibits pronounced oscillations and liquidlike behavior, as seen in recent experiments and particle-in-cell
simulations [S1063-651X%98)13710-9

PACS numbeps): 52.25.Dg, 52.25.Kn

[. INTRODUCTION outstanding difficulties of dusty plasma physics is that the
average interaction potential between two dust particles is
Dusty plasmas in the laboratory are typically three-not known precisely either experimentally or theoretically. A
component, quasineutral plasmas consisting of electronsgelated difficulty is that the shielding properties of dust par-
ions, and negatively charged dust particles. The coupling pdicles are not sufficiently well understood. It is commonly
rameter for dust particles, which is defined as the ratio of th@ssumed12] that the average interaction potential between
average(unshielded Coulomb potential energy to the aver- two dust particles separated by a distanég of the Debye-

age kinetic energy, can be written Bg=Q3/4me,d Ty,  Huckel or Yukawa type, that is, given by
whereQy is the dust chargd, is the dust temperaturay is
the average dust density, adg= (3/4mn,) Y is the average ®(r)=QF exp(—r/\gp)/Ameqr, 1)

interdust distancéor the Wigner-Seitz radigsThe dust par-
ticles, because of their large charge, are often in the strongl

coupled regime, that isl'y>1, where they can become N - o .
e : ote that the characteristic shielding distancg, has no
liquid-like and even freeze to form crystal—4], a behavior dependence on the dust species. This would appear to be a

tmhgtshas no counterpartin conventional, weakly coupled plasr'easonable assumption if the dust particle density is suffi-

The nature of particle correlation functions in strongly ciently low. However, in many dusty plasmas it is fairly

. . ommon to have many electrons, ions, and dust particle in an
coupled dusty plasmas is largely an unexplored subject, al: , L
: electron or ion Debye sphere. In such cases it is clear that, on
though a few analytical results have appeared recgbty]. : :
; ) relaxation time scales short compared to the dust plasma
Fortunately, the matter has not been left entirely in the realm).

~ 71 1 -
of analytical theory. There now exist experimental measuret'me scale(~2mw,q, Wherewg is the dusty plasma fre

ments[8,9] of the pair correlation function in a strongly quency, the charges behave as in a conventional plasma in

coupled dusty plasma that pose a challenge for theory. FutYhich Debye shielding will extend_}o a distankg, on the
thermore, there are particle-in-célPIC) simulation results eIectronﬁEJIasma time scale-@mwy¢) or App on the ion
[10] that suggest that dust pair correlations are qualitativelyt ~27®p;) time scale. It is not obvious, however, what the
different in an unannealed, moderately strongly couplec§h|e|d|n9 length should be on relaxation time sca_les on the
(I'y=1) dusty plasma supporting long-wavelength ﬂuctua_ord_er qf, or much longer than, the dust.plasma time scale,
tions than in an annealed, strongly coupled dusty plasm#hich is long enough for the dust particles to move and
(I'y=1) in which these fluctuations are removed by damp-Participate in the shielding process. It was propose{bin
ing. Whereas unannealed dust particles show a persistence§gt on these rather long time scales, if the plasma is not
Debye-Hickel behavior with correlations decaying eXponen_annealed or crystallized but gaslike, the correct shielding dis-
tially with distance, annealed dust particles exhibit long-tance for point dust particles should bap=(\pg
range correlations typical of a liquid or a crystal. +Xpg) Y24 wherehpg=(€T4/ngQ3) 2 is the dust Debye
Several features of the pair correlation function seen irength. The one-dimensional PIC simulatiofi] tend to
experiments or simulations of strongly coupled dusty plassupport this conclusion in the moderate strong-coupling re-
mas are similar to those seen in liquids or one-componergime (I'y=1) when the interdust particle distance is of the
plasmas.(See, for instance[11] and references therejn. order ofApq. However, when the dust particles are annealed
However, the theoretical explanation of these experimentdby frictional damping so that the kinetic energy of the dust
or numerical observations requires more than mere rederivgarticles is reduced and the strong-coupling reginhg (
tion of results known from the theory of liquids. One of the >1) becomes accessible, the simulations show liquidlike

%here )\Dp:()\53+)\5i2)_1/2 and )\De,i:(GoTeyi/neyiez).
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correlations that are qualitatively different from the gaslikewherei=X; and( ) denotes an average. The first two equa-
Debye-Hwckel correlations seen in the moderate strongtions of the BBGKY hierarchy are
coupling regime.

A theory of correlation functions in strongly coupled
dusty plasmas must account for measurements such as those
reported in[8] and[9] as well as the range of behavior seen
in the PIC simulation§10]. In this paper we present a kinetic
theory of pair correlation functions that makes progress to-
wards meeting that challenge. We do so by truncating the
exact Bogoliubov-Born-Green-Kirkwood-Yvo{BBGKY)
hierarchy according to the Kirkwood approximatiph3].

This method of truncation yields an integral equation for the
pair correlation function, discussed in Sec. Il. Solutions of

d
ﬁJrLa(l)}Fa(l):% deVa;;(12)Faﬁ(12), (5a)

J
—etLa(D)+ Lﬁ(z)—[vaﬁ(12)+vﬁa(21)]}Faﬁ(lz)

=> fd3[va7(13)+vﬁy(23)]|=aﬁy(123). (5b)
Y

the Kirkwood equation are presented and compared with exthe multiparticle correlation function&,z,H,z, are de-
perimental results in Sec. Ill. In the long-wavelength regime fined by the relations

when the discreteness of dust grains can be neglected be-

cause the wavelengths are much larger than the interdust Fap(12=F ,(1)F5(2)+G,4(12), (6a)

distance, we recover the results obtained from an earlier ki-
netic theory[5] as well as hydrodynamick7]. However,

Fo5,(123)=F (1)F4(2)F (3)+F (1)G;.(23
when the model is extended to include the short-wavelength p(123 (DF5(2)F(3) (1Gp23

regime in which the wavelength is of the order of the inter-
dust spacing, we find static structure fact@s pair correla-
tions) qualitatively similar to those reported [8—10).

II. THE KIRKWOOD APPROXIMATION

+F 5(2)G (31 +F (3)G,4(12)
+H o5,(123. (6b)

Substituting Eqs(6) in Egs.(5), it follows that

In order to keep this discussion self-contained, we begin ﬂ . f _
with a brief review of the relevant equations of the BBGKY ot e % A2 Wep(12F 5(2) |Fa(1)=0,
hierarchy and the Kirkwood approximatidtl1,13,14. The (78
exact electrostatic Klimontovich-Dupree equation is

J

d —+L(D+L (2)}601 (12)

S L 0= JdX'vaMx,X')Nﬁ(X') NL(X)=0, ot S

ot B

@ =3 W12+ Wg, (2D IF (DF(2)

where NHZEngé(X—Xi) is the microscopic distribution
function of N, point particles of typex, each with charge
Q. and masan,, X=(x,v) is a point in u space,L ,(X)
=v.V,

=> J d3[V,,(13)F 4(1)Gp,(23)
Y

+V5,(23)F 4(2)G,4(3D)]

QaQﬁ d dJ f
"= —_ —x'). — + d3[V,.(13)+V;.,(23
Vap(XX)= =155 2 gx)- o ) 2 | d3[Vey(13)+Vp,(23)]
andp(x—x')=(4meg|x—x'|) 1 is the Coulomb interaction X[F(3)Cap(12)+H,p,(123)], (7b)
potential per unit positive charge. The first three multipar-
ticle distribution functions are where
_ G,4(12)
Fa(1)=(Na(11), (4a) W, 4(12)=V,4(12)| 1+ —2f=2 8

Fag(12=(Ny(LH)N4(21)) = 8,50(1— 2)F ,(1

ap(12)= (N LONS(21)) = 001 = 2)F (L), (4b) Equations(7) are the first two of an infinite hierarchy of
equations and an approximation needs to be introduced at
this stage to truncate the hierarchy. Numerous sophisticated
approximation schemes, such as the hypernetted chain ap-
proximation, are known from the theory of liquid$1] but
require extensive numerical work. We demonstrate below
that the simpler Kirkwood approximatiofi1,13,14 does
remarkably well in accounting for salient features of the ob-
servations in real8,9] as well as numerica[10] dusty
plasma experiments. Following Kirkwodd3], we write

Fapy(123=(N,(LHN4(2)N(31))
— 80p05,0(1—2)8(2—3)F ,(1)
— 5,56(1—2)F 5,(23)
— 85,8(2—3)F (3D
— 8,,8(3— 1)F 45(12), (4¢)
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Gop(12)Gp,(23)
Fa(2)
G,a(31)G5(12)
Fa(l)
Gap(12)G4,(23)G,,(31)
Fa(1)F(2)F,(3)

G4,(23)G,,(31)

Hopy(123) = £

9

This approximation enables a truncation of the hierarchy and

yields the following closed equations fér, andG,;:

Jd
s La(l)—é f d2 waﬁ(lz)Fﬁ(z)}Fa(l):o,
(109

d
St La(D)F Lﬁ(z)}eaﬁ(lz)

- % [Wep(12) +Wpgo(2D) JF o(1)F 5(2)

=Ey f d3Way(13)(Fa(1)Gﬁy(23)

Gaﬁ(lz)eﬂy(zs))

+F(3)Gap(12)+ 2

+ f dswﬁy(zs)( F5(2)G,(3)
Y

+F(3)G5(12) + —GV“(BDG“'B(H)) .

Fa(1)
(10b)

For a homogeneous and isotropic plasma in thermal equi-

librium, we have
Fo(1)=Fpma(V) (X)) =Fpalvn,, (11

whereF (V) is the Maxwellian distributionn,=N_q/V is
the average number density of point particles of typand

V is the plasma volume. Under these conditions, we can

write

Gup(12=F (1)F5(2)gap(ri2), (12)
whereg, (1 12) =0.4(|X1—X|) is the pair correlation func-
tion. It follows that

W,5(12)= Pap(r1d)

Vléz

QaQB (yd)(rlZ)
[14+0ap(r12 Ve %,

. (13

Then Egs(108 and(10b) reduce, respectively, to

1153 [ ot 00 k=0
143
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and

(V1—Vp)-

[gaﬁ(r 12+ Yap(ri2)]

==V X, 2 deSfy(X3)¢ya(rSD
X[gaﬁ(rlZ)+gﬁy(r23)+gaﬁ(r12)g,3y(r23)]
—Vy- % E deSfy(X3)¢By(r23)

X [g'ya(r31) + gaﬁ(rlZ) + gyuz(r31)gaﬁ(r12)]'
(14b

For a homogeneous system, the integro-differential equa-
tion (14b) can be solved by means of Fourier transforms. We
introduce the dimensionless Fourier pair correlation function
Cop(K)=n,g,s(K) aqd interaction function_ o 5(K)
=n,¢,p(K). The Fourier transform of Eq14b) yields

k%w—wM%AM+WMWH+K;

X [Vlwa'y(k)c'yﬂ(k) - VZWﬁy( - k)C'ya( - k)na /nﬁ]

k
+n—ﬁ 27 Jdp[vlﬂay(k_p)cyﬁ(k_p)cﬂa(p)

_VZWﬁy(p_k)cya(p_k)caﬁ(_p)]zol (15)
where
Q a 1 kp
Tap(K)= Qf sz n_a f dpFCaB(k_p)}-
(16)

Note that Eq(16) follows by taking the Fourier transform of
Eqg. (13 and substituting¢>aﬁ(k)=(¢sok2)*1 for Coulomb
interactions.

IIl. SOLUTIONS OF THE KIRKWOOD EQUATION

We consider first a conventional electron-ion plasma
without dust particles, with the Debye length given Xy,
=(\pe+Apd) Y2 where \pei=(e€oTe;/Nei€?)Y2 We
scale the wave number by the Debye lengg), and rewrite
the integrals ovep in Egs.(15) and(16) as

dp —— f P,
f p—p/\pp 0)\

wheren;=n.=ny. For weakly coupled plasmas, the plasma
parametergpz(no)\%p)‘1<1 and Eq.(15 reduces to an
algebraic equation. It can then be shown that

17

1
Ced K) =Cji(K) = —Cei(k) = —Cje(k) = — > Kl
D
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wherekp,=(Apa+\pP) 2= (K3, +Kk5,) 2 The Fourier in-
version of Eq.(18) yields the well-known Debye-Hikel
correlation function

Gap(r)= % e ko',

r (19

wherea,B=¢,i.

XIAOGANG WANG AND A. BHATTACHARJEE

PRE 58
o~ — 2 (23
ddlK)~ = 75—~
k2+k5
Equation(23) can be inverted to give
262
gdd(r)*—-rdr e kod", (24)

When dust particles are introduced in a plasma, the den-

sity of dust particles plays a crucial role in determining the

which is similar to the result obtained from earlier kinetic

shielding and correlation properties of the plasma. If the denfheory[S]. Furthermore, from Eq(23) we obtain the static
sity of dust particles is so low that there is less than one dusty,,cture factor

particle in the plasma Debye sphere, i3 \p,, then the
relevant shielding distance for a dust particle\jg,. How-

ever, in a moderate strong-coupling regime, it is fairly com-
mon to have many electrons, ions, and dust particles in the

k2

Saa(K) =cgqg(k) + 1~ mz—d,
D

(25

plasma Debye sphere. Then the dust particles within a

plasma Debye sphere “see” each other and it is not unnatuwhich is identical to the result obtained [ii] from general-
ral to expect the shielding distance to be different from theized hydrodynamics. In this limit, which is relevant when

plasma Debye lengthp,, .

long-wavelength disturbancésuch as dust-acoustic wayes

It was proposed ifi5] that if point dust particles are in a are present in an unannealed gaslike plasma and dust particle
moderate strong-coupling regime where they are unannealefiscreteness is smoothed over, a strongly coupled dusty
and gaslike, then the correlation function should be of thglasma behaves as if it were a Vlasov fluid. The pair corre-

Debye-Hickel type with the screening IengthD=()\5§
+Apa) Y2, where\pg=(eoTq/NgZ3e?)Y? and Zge is the
charge on a dust particle. It follows thatNpg<Ap,, then

Ap~Apg [5]. A similar conclusion also emerges from hydro-

lation function shows the persistence of Debyeckil be-
havior with a screening distance determined by the dust De-
bye length, as seen in the unannealed PIC simulafibfls

An experimental test of the theoretically predicted role of

dynamic theory, which is valid in the strong-coupling regimethe dust Debye length in the moderate strong-coupling re-
when the perturbations have low frequencies and long wavegime I'y=1 appears difficult for a number of reasons. Note
lengths[7]. We now deduce this result from the Kirkwood that whenl'y=1, the dust Debye length is essentially of the

equation(15) in the long-wavelength regime.
We assume, as 7], that the dust-dust correlatian (k)

same order as the interdust distance. The dust particles in
present-day strong-coupling experiments are often large,

dominates over the correlation of dust with ions and elecwith radii larger than the dust Debye lengthAl4 is smaller

trons. Then Eq(15) reduces to

Cad(K) + mgq(K) + mg4(K) Cyg(K)

1
+n—de Tad(K—P)Caa(k—P)Cad(P)=0. (20
do

1-*3/2

Since the dust parameteyy=(no\3y) ‘=4v37 a

than the typical radius of dust particles, it is clearly not valid

in the present context to assume, as we have, that the dust
particles can be treated as point particles. In order to deter-
mine correlation functions that decay on the spatial scale of
the dust Debye length, it would be necessary to work not
only with dust particles of smaller radius but to use diagnos-
tic techniques that can measure particle correlations on such
short spatial scales. It would also be necessary to carry out

large coupling parametelr 4 for dust particles necessarily the measurements in the moderate strong-coupling, gaslike
implies a large value fogy. One cannot, under these con- regimel' ;=1 where the excitation of significant fluctuations

ditions, make the weak-coupling approximatioh 4&1),
which leads to expressions such as B®) for conventional

makes measurements diffic(ilt5].
We now discuss solutions of the full Kirkwood integral

plasmas. However, in the long-wavelength regime we cagquation, including the short-wavelength regime that recog-

scale the wave number by a typical length scalenuch
larger than the interdust distandg, so that

! dp —— ! f d
- .
nOd P p—p/x nod)\3 P

(21)

Sincedg<\, we havenygh3>1. In this limit, all integral
terms in Eqs(15) and(16) can be ignored and we obtain

Cad(K) + mgq(K) + mgq(K) Cya(K)
2 2

Dd Dd
“Cdd(k)ﬂLFJFF Caa(k)=0 (22

or

nizes dust particle discreteness. In order to include the short-
wavelength regime, we scale the wave number by a typical
length scalex equal to the interdust distancg and write

! dp —— ! f d
N
Nog P p—p/X nOd)\3 P

_Am ddsfd_47TJ'd
~3 %) =g |

Clearly, we must now retain every term in the Kirkwood
equation(20) and the solution is expected to deviate signifi-
cantly from that in the long-wavelength regime. The static
structure factor can be written as

(26)
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25

FIG. 1. Static structure factors for a dust particle, calculated
from the Kirkwood equatiori27), as a function okd, for various

values of'y: TI'y=1 (solid line), 10 (dotted ling, 20 (dashed FIG. 2. Evolution of the static structure fact®(q) of dust
line), and 100(dot-dashed ling particles as a function of the wave numlupin the experiment by
Melzeret al.[9] for different values of the gas pressyoeurtesy of
k2 Melzen.
Sud(K)=cCqg(K) +1= 75— : 27
k“+kp[1+w(k)] The theoretically calculated pair correlations are also in

accord with the PIC simulations presented 10]. We have
remarked earlier on the persistence of Debyekél behav-
A k-p ior for I'y~1 in the unannealed simulation. Whi[&] and
w(k)= 3 f dp — Sya(P)[Sya(k—p)—1]. (28  [7] identify correctly the occurrence of this type of behavior
P in the moderate strong-coupling, gaslike regime, they over-
estimate the range dfy over which such behavior persists.
iteration, assuming that the system is isotropickispace, N the annealedor damped simulations, significant devia-
that is, Sya(K) = Sug(K). In Fig. 1 we plot the numerical so- tions from Debye—HukeI'behawor are seen |n.the' rgn@@
lution for the static structure factaB(k)=Syq(k) for T'y ~10-100. .The_z corre!atlons are seen to be Ilqwdh_ke when
—1,10,20,100. It is clear by inspection that the static strucd ¢ 10, which is consistent with the numerical solutions dis-
ture factor is monotonic and qualitatively of the Debye- CUSsed above.
Huckel type wher" 4~ 1. However, whei" 3~ 10 nonmono-

where

We have solved the integral equati¥) numerically by

tonic features appear as gentlaut significant bumps that IV. SUMMARY

become more pronounced B increases. Wheih' 4~ 100, We have developed a kinetic description of pair correla-
the structure factor exhibits pronounced oscillatory featuregigns in strongly coupled dusty plasmas based on the Kirk-
characterizing a liquid state. wood approximation. The kinetic integral equation for the

In Fig. 2 we reproduce, for ease of reference, the experip,ir correlation function is solved analytically as well as nu-
mental data on the static structure factor reportef®lIrdur-  ercally. In the long-wavelength regime, it is demonstrated

ing @ melting transition of a dusty plasma from a solid 0 aynat the dust correlation function exhibits exponential decay
liquid phase, followed by a gaslike phase. During this tranvith distance characteristic of the Debyédhel solution. In
sition, brought about by a gradual reduction of the gas presps hydrodynamic regime, the discreteness of the dust par-
sure, the measured values of the coupling paranigfeare  cjes is suppressed because the wavelength of the perturba-
as follows:I"y=3 (at 39 Py, 5(at 42 Py, 8 (at 45 P, 22(at  ions is much larger than the interdust distance. This regime
55 Pg, 50 (at 67 Pg, and 100(at 76 Pa The theoretically s expected to persist in the moderate strong-coupling regime
calculated static structure factor shown in Fig. 1 is quantltardzl in an unannealed, gaslike dusty plasma.

tively similar to that shown in Fig. 2. The degree of agree- "\when we extend the model to include the short-

ment appears to be surprisingly good in view of the numbeyayelength regime, where wavelengths are of the order of
of strong assumptions made in the theoretical model. Fofhe interdust distance, liquidlike correlations emerge from
instance, the annealed experiment realizes a two-dimensiong|s theory. The static structure factor, shown in Fig. 1, ex-
lattice and is anisotropic, whereas the theory assumes isofiipjts oscillatory features characteristic of strongly coupled

ropy. In the experiment there are significant flows and Wak%ystems. The predictions of theory compare favorably with
effects[16] not included in the theory. The theory assUmeSgynerimenta[8,9] and PIC simulation resul{eL0].
that the dust particles are point objects with fixed charge. ’

This assumption is_ certainly v_iolf_fged in the (_axpgriment ACKNOWLEDGMENT

where the dust particles have significant extension in space
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